
Lecture 12
.

DR formula
. Localization

• Pixton 's formula for DR cycles

• Atiyah -Bott localization

• T- fixed locus of tyg ,n ftp.d)
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Pixton 's formula for DR cycles
A = Car , - - -

, an) C- 7th
.

St Tai = O
.

r > o : positive integer .
TEGg.n i stable graph

Def A weighting mod r of T is a function
w : HCP ) → {o

.
I

.

. - - er- I } st

stet of half edges

(I) i E Markings w Ci) E ai Cmodr)

(II e -- Chih' ) C-Edges
,

'WCH tw Ch
'

) = O Cmodr)

(II) v E Vertex
,

Eh ,-u
w ch ) E O (mod r )

→ Whr
.

'

-
= setof weightings mod r on T .

IWP.ir/=rh""
.

Def (Pixton) Pdg'
"

CA) is the degree d component of
-

I¥G
an wewp. .

IAut rh¥ .

Sp * ( Ehfexpftzai.tk/jIh.a.,t-exPtynFYk4htk )
↳ Pd; CA) is polynomial in tho) .

Pgd CA) = const
.
term of ptg-ya,

Tautological !
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C = Cn u Cz PrcECC) E Pieces ) x PicCG )

Digression :( DR cycles on compact type curves )

open

Mg4n={ CC. pi ) / Pico- CC) is compact }↳ Mgm
⇐ the dual graph of C has no loops.

Over Ugarit
,
Abel- Jacobi section naturally extends .

Let
⑦ = E. ±aioli ;÷¥¥- (¥•÷E

C- tfcttg ,n) T
at = - as

where aI
= ¥
,

ai .

TheChain)

DRget CAI : -- DRG (A) lug.it = ( exp (④Bdeg
⇒

Exercise Pgs CA) l myth = (exp ④ ] deg = g
(Hint : use self - intersection formula for boundary divisors)



⇐ Formula for dg .

Recall DRG Clo) - C-I' dg EH
29CUT )

.

Exercise from middle school :

k = mna
,
II

,

K2 = hcntHGn

They K' = ¥+15 , ¥! k4 =hChtHC2ntHC3n43n-#30

9=1 : da on MT.1 a, = o

1

W
r-W

T = an 1Auth1=2
.

Patrol = 3*1 "e"hiDg .

deg-- O

→ z war-w) = Ij - w- tr-wg higher
=
- I .fr to cry orderterm

⇒ de - I.I. to Cti = Ig 3in *I



9=2 .

g--I

w • r-w

Tf =
h h'

(Autth 1=2

1-expfl4hthhi
= - tf (w ch)wth'sTahiti )

4h-1441

→ III @ er- wD' = wt -or w
'
tr w

-

a-

higher order terms

=
- for to Cry

contribution ofR = I l - f) C - E ) - 2 Sir *Hh)
m

aut.

-

Be = Fw • I.
'

w
. I Antral = 8

r-I

f-I w Cr-w ) ) (I w
'

Cr-w's) -- fz .E r
'

to cry
w⇒

Contribution of th = ¥ .¥ . ¥ =¥ 5,3*1



O W

173 = • ← does not contribute!
9=1 r-w

⇒ iz = ¥0 5th*4h t ¥2Biz*I .

Fe A graph T C-Gg which has a separating edge does not

appear in Pg
'

Clo)
.

How Bernoulli numbers appear?

¥1 =j⇐ Bj j (Taylor expansion att⇒)

Cheats (Faulhaber formula) let p : positive integer
en p

Cy,
p-K

L KP = I
¥ (Pk) Bp-k n

"'

.

1<=1 k=o
mm

aptpears when we compute weightings of edges of P .

We will see Bernoulli numbers in other context
( Chiodo 's formula )



§2
. Atiyah -Bolt localization formula .

M : nonsingular algebraic variety I Q
T = * Ir Q M

. HI Cpt) = Eta
.

- - -tr]

MT = { KEMI t.sc -- x t teT 's↳M
closed

11

Uj Mj ← connected components

Atiyah -Bolt localization has two parts.
i : MT -M is T -equivariant and hence induces

a map

i
*
: HECMT- HE CM)

Tim't it is an isomorphism after inverting ti

pf) Let's try to prove this for
Chow groups .

Let U = MINT
.
We have an exact sequence

0CHEW
. 1) → CHICM'T CHICM) → CHICUI → o

9 T
T- equiv . 1st higher Chow group .

T - equiv . Chowgroup



Since U is the complement of T -fixed points , [ UIT]
is DM-stack ( ie stabilizer group is finale)

⇒ CHIT CU ) = Ct↳ ( [UIT ] ) = o * so

CH * (U .
1) = o * s- I

.

↳ is ④FLI -module homomorphism
⇒ Kerr * & Coker Cx is killed by multiplying TN,
N→O

.

17€

Rink We haven't used the fact that M is nonstngular .
⇒ Thin1 holds for any M Cat least when M --DMstack

§ When M is aDM -stack T e MT can be nontrivial
and the proof needs a slight modification .

The second part of the localization theorem describes
is * .



• Equivariant elder class

Def T -equivariant vector bundle is a vector bundle

p : V → M with T -action on V s.tt KEM .

teT
,

t : Voc- Vt .sc is linear Born
.

⇒ V E ET

µ

f
,Ey

← vector bundle of rank = rkv

Defy et (V) : = e (VE ET ) E H
* (MEET) = HF (M)

Example -1=4*0 pt .
Then

{T- equiv . vbdb on ptf↳ {finite dimeT- representation §
Let V - ¢

.

s.tt -V = ther te ft'
.

Then

et Cvl = -ht EHF Cpt) = ELI

(Hint : we appo#mate ET
= GN" - Lol

.
Then VIET is a

line bundle 0pm C-m ) )
.



wt --o wt-to
On Mj , x x

OT TM'T → TMIµ;
→ No rj

→ o

#T-equiv .
vbdl

on Mj .

Thin 2 EM] = Tj ti . ftp.T in HFCM) th .

- - tu)

pf) Proof is a simple consequence of excess intersection
formula .

Recall V→W'

,
both V. W are smooth . Then

El* a = e (Nrw ) n x "
2 EH* (V)

.

↳ also holds in T-equiv setting .

By Thmt
[µ, = ?z, y * q. ⇒ g. EHF (Mj ) th . - - -tr)

Excess intersection ⇒ Cj Cj *Lj = et (Nor;) raj

( at,
GE C
, *
=o if k t j



et (Norj) is invertible in HF (Nj ) ⇒ G- =

④ QC-4
.

- - tr)
et (Nor;)

FE

° How to use it practically ?
µ = Smooth , proper scheme 11C 9T .

TEH * CM)

Goal : Compute the integral Smt EQ

Lemma consider the restrictor H# (M) → HMM) (setting
-4=0)

.

Choose a lift T C- HE CM) . Then

f.no = Sm F GQ
-

usual pushforward
F-

equivariant pushforward

S
'

proof M c- MEET E. *S
' * F=g*E*T

Eo t t⑨
s t

* c- ET flat
HE



TIMEE Smo -

- Ifa Imp quy.am ,
'Q

Pf) Lemma t Thmz .

Dk

Example M - IP
'

,

HMM = [HUH?
.
f- HEH* CM)

.

T=¢* PM by t . [Zo : Zil = [Zo : tzid
.

Two fixed pts : Col & CAT
.

.

HE ( Ipt ) = Q-LH.tt/HCH - t)
.

T -- Heat
,

aEQ

ft -
- Ipa T -

- etat + It =L
1ps

Time. divisor

IP
'
-

EET

i
.

-

""Foo" .bg . H - ace! . :&. it
BT Clp

-



§ 3
.
Fixed locus of NTg.n Cpt . d)

9 T
.

Let T C' IP
' (say ,

t Ezo :zig -

- Eto : tzi ) with

two fixed pts Col & CWI E P1
.

Tug . n Cpt. d) z Cf : C→ P
'
]
,

t . Cf] =@ to p
' et p

' ]

Q_ What is the T- fixed loans ?

If f : C- Ipt factors through co] or [a]
,
it is obviously

T- fixed . ie t . EST = Cf)

T- fixed point for DM - stuck is abitmore subtle !

Def Ct7 E M-g.nl/P7d) is a T- fixed locus if . for any
E E T,

I Ole E Aut CC . pi ) s
-

t

C¥, Ip
1

HE



C
11

Example Hd :p
. -2¥ pit ] c- tho

. .
ftp.d )

.

Then Cfd) is T- fixed doors
.

C t-d.pe

lot -ft . Le 2 ft
C fd_ Ipa

( In fact T G MT nontrivially when d>2)

In general : T- fixed locus of NTg.nl/P7d ) .

* special points §
.

de
.

!!
(markings & da

i

ramification pts) .

← contracted

should be map to 0.PK components
T- fixed points of

de should be stable

the target •

"

IT
° °

always of the form
Zhi zde


